
METTI IV – Thermal Measurements and 

Inverse Techniques, Roscoff, France, 

June 13-18, 2011

Tutorial 12 :

« Analysis of errors in measurements and inversion »
By Philippe LE MASSON° & Morgan DAL°
°Laboratoire d’Ingénierie des MATériaux de Bretagne. Université Européenne de Bretagne/ Université de Bretagne 

Sud; Centre de recherche de l’Université de Bretagne Sud, Rue saint Maudé, 56321 LORIENT Cédex. 
philippe.le-masson@univ-ubs.fr; morgan.dal@univ-ubs.fr



The direct and inverse problems
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Goals

• We use the Levenberg Marquardt method for the parameter 
estimation

• We use the software « Comsol Multiphysics » for the direct problem 
definitions

• We save this problem in a matlab file (« *.m »)

• We introduce the algorithm in a matlab file

• The resolution of the inverse problem is realised with Matlab.

• At last, we want to compare different measurement configurations for 
the estimation. 



Outline

• Resolution of a direct welding problem with « Comsol
Multiphysics »

• The Levenberg-Marquardt algorithm

• Resolution of the inverse problem with Matlab and Comsol
Multiphysics

• Modelisation of the welding problem with thermocouples. Definition
of the parameters. 

• Resolution of the inverse problem with different measurement
configurations

• Conclusions



The welding problem

• The governing equations :
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The welding problem

( ) ( )( )









 −+
−=

2

22

20
r2

tvyx
exp

r2

Q
t,y,xq

π

is a Gaussian equivalent source:

The goal of the inverse method is to estimate Q.
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The direct welding problem
- the resolution with comsol -

• Open comsol

• In the model navigator

window, choose

• « Heat Transfer Module » 

… « 3D » … 

• « General Heat Transfer» 

… 

• « Transient analysis » …

• And click OK button



The direct welding problem
- the resolution with comsol -

• To draw a block of 30mm x 100mm x 10mm: Click on the « draw block 

icon » 

• and insert the values in meter

• Draw a block in the draw window

• Redimension the block 

with the « Zoom 

extents icon »



The direct welding problem
- the resolution with comsol -

• In bar menu, choose

« Physics » then

« boundary settings » 

to define the boundary

conditions.



The direct welding problem
- the resolution with comsol -

• Boundary 1: insulation / 
symmetry condition,

• Boundaries 2, 3, 5 and 6: 
select « heat flux » enter in 
« h » 10 and in « Tinf » box 
20

• Boundary 4: select « heat
flux » enter in « h » 10 and
in « Tinf » box 20 and in 
« q0» box Gaussian

• APPLY and click OK



The direct welding problem
- the resolution with comsol -

• In « Physics » menu bar, choose « subdomain settings » to define the

material properties.

• The subdomain settings window appears and enter the properties and in the

the init part, give the initial temperature .



The direct welding problem
- the resolution with comsol -

• Go to the « options » in the menu 

bar, choose « expressions » 

« global expressions » and define

the expression: « Gaussian »

• In this expression, we have 3 

constant parameters:

– Q =4000W

– r =0.002 m

– V =0.005m/s
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The direct welding problem
- the resolution with comsol -

• Go to the « options » in the menu 

bar, choose « constants » to define

all the parameters and their values.

– Q =4000W

– r =0.002 m

– V =0.005m/s



The direct welding problem
- the resolution with Comsol -

• Mesh step

• In the menu, select « mesh » then

« Free mesh parameters » to open 

the mesh parameters window

• On the boundary 1, define the

maximum element size and

remesh

• At last, we have the number of the

elements (you can change the

maximum element size 0.001m)



The direct welding problem
- the resolution with Comsol -

• Select « solve » in the bar 
menu,

• Then « Solver parameters » 
and click

• The solver parameters window
appears

• In the « general » menu, verify
that is a ‘time dependent’ 
problem in « solver type » and
define « times » (0:0.1:20)

• Go to the « timestepping » 
menu and verify that we have 
« specified times » in « Times 
to store in ouput » menu.

• Click apply and OK



The direct welding problem
- the resolution with Comsol -

• Solve the direct welding problem

by using the « solve » icon

(symbol equal )

• We obtain the

temperature field at the

final time



The direct welding problem
- the resolution with Comsol -

• In the bar menu, choose « file » then « reset M-
file » before solving again the direct problem

• Solve the direct welding problem by using the
« solve » icon (symbol equal )

• We obtain the temperature field at the final time

• Save the data in a M-file.

• Go to « file » in the menu, choose « Save As » 
then « Model M-file ».

• The name is ‘direct’

• The program generates a direct.m file.



The direct problem

• Open your file ‘direct.m’



The direct welding problem
- the resolution with Comsol -

• Before the introduction of the Levenberg-

Marquardt method, we define the

measurement points where the

temperatures still less than 1200°C.



The direct welding problem
- the resolution with Comsol -

• Take the « Postprocessing » menu

• « plot parameters… »

• In « General » check the « subdomain » 

and take a middle t = 10s

• Apply and look the thermal field.

• In the “Postprocessing” menu

• Uncheck “Subdomain” but select 

“Isosurface”.

• Define in the “isosurface” menu three 

temperatures in “vector with isolelvels” : 

– 1450°C � limit of the fused zone

– 1200°C � temperature measurement limit

– 1100°C



The direct welding problem
- the resolution with Comsol -

• In the tool bar Select “Go to ZX 

view”

• Click the “Increase 

transparency” icon

• We have in this case the three 

thermal levels.

• So, we can chose the 

measurement points :

– (0.00634, 0.05, 0.008)

– (0, 0.05, 0.0035)



The Levenberg-Marquardt method
- the inverse boundary problem formulation -

• The inverse boundary problem formulation [3]:

Find the parameter Z={Q} which minimizes the quadratic criterion
S(Z,T) : 

With Yi is the measurements, Ti the calculated temperature, and W a 
diagonal matrix where the diagonal elements are given by the inverse 
of the standard deviation of the measurement errors, i is the total 
number of measurements. In fact here, W=I (we don’t have noisy data)

• At each iteration, the parameters are calculated by [4,5]:

where J is the sensitivity matrix,     is the damping parameter and     is a 
diagonal matrix equal here to the identity matrix.
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[3] A.N. Tikhonov & V.Y. Arsenin. Solutions of ill-posed problems. V.H. Wistom & Sons, Washington, DC (1977).

[4] K. Levenberg. A method for the solution of certain non linear problems in least squares. Quart. Appli. Math. 2 (1944) 4164-168.

[5] D.W. Marquardt. An algorithm for least squares estimation of non linear parameters. J. soc. Ind. Appli. Math. 11 (1963) 431-441. 



The Levenberg-Marquardt method
- the sensitivity matrix -

• Sensitivity coefficients calculus [6]:

First method: Second method:

The expression of the sensitivity matrix becomes:

Stopping criterion:
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[6] M.N. Osizik, H.R.B. Orlande, Inverse heat transfer: fundamentals and applications, Taylor and Francis, New York, 2000. 
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• Levenberg-Marquardt Algorithm:

1-Solve the direct problem with for the unknown parameters to obtain
the calculated temperatures .

2-Compute                       .

3-Compute the sensitivity matrix and the matrix .

4-Calculate the new estimated .

5-Solve the direct problem with , Compute .

6-if                             , replace      by            and go back to step 4 else if            
, replace      by            and continue.

7-Test if                     , Stop if it is true else do               and go back to 
step 3.

k
Z

[6] M.N. Osizik, H.R.B. Orlande, Inverse heat transfer: fundamentals and applications, Taylor and Francis, New York, 2000. 
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The Levenberg-Marquardt method
- the algorithm -



The inverse algorithm

Algorithm of Levenberg Marquardt

File: optim_003_sans_TC.m

Direct problem

File: problem_direct_003_ss_TC.m

Open the two files: problem_direct_003_ss_TC.m

and 

optim_003_sans_TC.m



Execution of the estimation

• Now we can run the estimation:

– Execute: optim_003_sans_TC.m

– The execution shows at each iteration:

• The criterion 

• The parameter Q

– Now, we can examine the three files:

• ‘direct.m’

• ‘problem_direct_003_ss_TC.m’

• ‘optim_003_sans_TC.m’



Modification of the “direct.m” file

In this direct file 

(problem_direct_003_ss_TC.m), 

we have only the parameter Q 

which is modified:

We add in the first line:

“global P1” for the modification 

of Q during the estimation 

And

Replace ‘4000’ by P1



The Levenberg Marquardt file
Open the optim_003_sans_TC.m
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The Levenberg Marquardt file
Open the optim_003_sans_TC.m

Solve the direct problem

Compute the calculated

temperature and the

Quadratic criterion S(Zk)

Solve the sensitivity problems,

Calculate the sensitivity matrix J(Zk)

Estimate the new

set of parameters Zk+1

Solve the direct

problem for the new

set of parameters

Compute the

quadratic criterion S(Zk)
Multiply λ by 10Divide λ by 10

End

If S(Zk)> S(Zk) If S(Zk)< S(Zk)

Verify If S(Zk)<ε

Yes

No

Initial set of

Parameters Z0 & Yi



The Levenberg Marquardt file
Open the optim_003_sans_TC.m

Solve the direct problem

Compute the calculated

temperature and the

Quadratic criterion S(Zk)

Solve the direct problems for the

calculus of the sensitivity matrix J(Zk)

Estimate the new

set of parameters Zk+1

Solve the direct

problem for the new

set of parameters

Compute the

quadratic criterion S(Zk)
Multiply λ by 10Divide λ by 10

End

If S(Zk)> S(Zk) If S(Zk)< S(Zk)

Verify If S(Zk)<ε

Yes

No

Initial set of

Parameters Z0 & Yi



The Levenberg Marquardt file
Open the optim_003_sans_TC.m

Solve the direct problem

Compute the calculated

temperature and the

Quadratic criterion S(Zk)

Solve the direct problems for the

calculus of the sensitivity matrix J(Zk)

Estimate the new

set of parameters Zk+1

Solve the direct

problem for the new

set of parameters

Compute the

quadratic criterion S(Zk)
divide λ by 10multiply λ by 10

End

If S(Zk+1)> S(Zk) If S(Zk+1)< S(Zk)

Verify If S(Zk)<ε

Yes

No

Initial set of

Parameters Z0 & Yi



The Levenberg Marquardt file
Open the optim_003_sans_TC.m

Solve the direct problem

Compute the calculated

temperature and the

Quadratic criterion S(Zk)

Solve the direct problems for the

calculus of the sensitivity matrix J(Zk)

Estimate the new

set of parameters Zk+1

Solve the direct

problem for the new

set of parameters

Compute the

quadratic criterion S(Zk)
divide λ by 10multiply λ by 10

End

If S(Zk+1)> S(Zk) If S(Zk+1)< S(Zk)

Verify If S(Zk)<ε

Yes

No

Initial set of

Parameters Z0 & Yi



The modelisation of the error
• In a steady state case and for a thermocouple on a surface, we 

have this scheme: 

[7] Bardon J.P., Cassagne B.  “Température de surface: mesures par contact” Techniques de l’Ingénieur, Paris R2732, 1-22, 1981

Data logger
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The modelisation of the error
• For this case, in the model in steady state, we define three resistances

T T

Tp

Tc

Te

he
Te

Diameter= 2y

Isolated

surface 

Middle at T

λ, ρ, Cp=cste

rm Φ

rc Φ

re Φ

rm for the macroconstriction

rc for the contact

re for the wire



Modelisation of the welding

problem with thermocouples

• With the software « Comsol Multiphysics », we realize a simulation 
of the welding problem. But now, we modelise the thermocouples.

• Two configurations are studied:

– For the first one, the holes for the thermocouples are 
perpendiculars of the heat flux and the fused zone.

– For the second, the holes are parallels of the fused zone.

• Moreover, we compute different contact resistances between the 
thermocouples and the material (Rc= e/λ, λ = 0.025 W/m/K):

– Rc= 10-3 or 10-4 m²K/W for a bad contact (e = 25µm or 2.5µm)

– Rc= 10-5 or 10-6 m²K/W for a mean contact (e = 0.25µm or 
0.025µm)

– Rc = 10-7 m²K/W for a good contact (e = 0.0025µm)



The modelisation of the 

thermocouples

D= 200µm

D =50µm

Φ = 650µm



Results of the first estimation

• Analyze the results:
– The criterion decreases

– After the first iteration, we have:

– After 2 iterations, we obtain the good value Q = 4000

18003988First

0.0014000second

187  106100Initial values

CriterionQiteration



Modelisation of the welding

problem with thermocouples
Open with “Comsol Multiphysics” the two 

configurations.

Parallele.mph Perpendicular.mph



Modelisation of the welding

problem with thermocouples

We execute these configurations with different contact 

resistances and we use the thermogrammes in the first 

optimisation loop with a direct problem without the 

thermocouples. 

With this work, we can underline:

- The measurement errors 

- The estimation errors of Q



Modelisation of the welding

problem with thermocouples
Visualisation of the measurements errors for 

perpendicular thermocouples



Modelisation of the welding

problem with thermocouples
Visualisation of the measurements errors and 

comparisons between the two configurations
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Modelisation of the welding

problem with thermocouples



Modelisation of the welding

problem with thermocouples

Conclusions for the two configurations

1- With the thermocouples in an isotherm, we 

have less errors.

2- It’s very important to have a good contact 

between the thermocouple and the material

3- We must define correctly the space domain 

to have the less errors.



The Levenberg Marquardt file
Open the optim_003_sans_TC.m

Change the direct problem:

Introduce the name of the 

file for the problem with 

thermocouples 



Modelisation of the welding

problem with thermocouples

0,38%39850,25%40100,33%39873,79%385453,85%2600TC parallel

1,50%40611,57%40641,96%39235,60%378837,60%2907
TC 

perpendicular

RC= 0RC= 1e-6RC= 1e-5RC= 1e-4RC= 1e-3for 7 iterations



Modelisation of the welding

problem with thermocouples
Conclusions for the two configurations

1- An estimation which don’t take into account the real 
instrumentation leads to an error.

2- This error can be higher if we have bigger 
thermocouples (here the diameter of the wire is 
50µm). It’s impossible to define the characteristic 
time for the thermocouple. In fact, we study the 
interaction between the thermocouple with the 
domain 

3- At last, if we use thermocouples, we must analyze 
the transfer between the thermocouple and  the 
material (Rc and heat transfer coefficient between the 
wires and the environment). And, we must try to use 
a real experimental direct problem in the 
optimization loop. Or eventually, we must quantify 
the measurement corrections



Thanks for your attention

Thanks to Comsol support for their help 

Have a nice METTI School


