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Badly conditioned 
 

Noise amplifier 

Noise-corrupted 

observers 

REGULARIZATION 

Experiment design 

SVD of M 

Cost function 

etc. 

SVD of the observed 

thermal response 



Homogeneous materials 
Diffusivity tensor 

 

Multi-phase materials 
Phases discrimination & interfaces location 

Diffusivity of the phases 

Thermal resistance at the interfaces 

Scales: μm – cm 

Thin samples - Infrared thermography 

Materials & Objectives 



Experimental framework 

• Thin sample 

• Photo-thermal excitation (i.e. laser, lamp):  

– Time: modulated, flash, step …  

– Space: spot, motif, random … 

• Thermal response observation (rear or front face) 
by an IR camera equipped by a focal point array 
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350 surfaces 
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Poor signal/noise ratio 

HIGH DIMENSION 
 

1 map = 250 x 250 pixels = 62 500 data 

1 exp. > 1000 maps 

 Number of data > 60 millions of data ! 

POOR QUALITY DATA 
 

Linearity -> Low amplitudes 

Noise -> Optics, resolution, env. 

 

Analytical 

solutions 
Homogeneous 

materials 

Experimental 

conditions 

SVD-based 

methods 
Dimension 

reduction 

Noise effects 

reduction 

Negligible bias 



SVD of the thermal field 

Proposed for the first time in 1901by 
Pearson, re-invented many times 
during the XX century 

• Principal components analysis (PCA) 

• Singular values decomposition (SVD) 

• Karhunen-Loève decomposition (KLD) 

• Proper orthogonal decomposition (POD)  

• Hotteling transformation 

• Empirical eigenfunctions 

• …. 

 

 Application fields 

• Data analysis (graphics, statistics …) 

• Forms recognition, faults detection … 

• Models reduction (turbulence) 

• …  

A tool providing optimal 
low-dimensional 

approximations of high-
dimensional (infinite-

dimensional) problems 
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Orthogonal eigenfunctions 

Orthogonal states 

Optimal/closest  linear r-dimensional approximations  
Best approximation in the sens of unitarly invariant norms 
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EXAMPLE 

1 map = 250 x 250 = 62500 pixels 

1000 sampling times 

1000 maps x 62500 pixels/map = 

= 62.5 millions data 

6 maps of 62500 pixels  

+ 6 time series of length 1000 

= 380 000 data 

> 99% reduction 

An excellent tool  for data reduction 

High quality approximations of the thermal 

field can often be reached with a very low 

number of eigenelements 



Noise propagation through SVD 

(1) spatially-uncorrelated noise has no effect on eigenfunctions, the 

noise being entirely reported on states 
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(2) SVD truncation acts as a signal/noise ratio amplifier 
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Homogeneous materials 
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Photo thermal perturbation – Establishment of a 

initial temperature field for further estimations 

Equations governing thermal relaxation of the 

initial temperature field 
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Photo-thermal excitation (i.e. laser, lamp)  

Time: modulated, flash, step …  

Space: spot, motif, random … 

ESTIMATION 

αx, αy, β 
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+ adiabatic boundary conditions 

Integration 

over Ω  

ESTIMATION β 

linear least squares 
methods 
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How many equations, which ones ? 
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Noise amplitude: 0.02, 0.1°C, 0.5°C,1°C 
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EXPERIMENTAL TEST 

Carbon/Epoxy composite material  

ICAM 

CETHIL 

 

TREFLE 

αx (m
2/s) 410-7 3.8010-7 

αy (m
2/s) 3.510-6 3.5410-6 



Much more high beta (x100) 

Much more high diffusivities (x1000) 

Much more low diffusivities (/1000) 

Much more high αx/αy (~100, ~1000) 

Much more low αx/αy  

Many other numerical tests 

for reliability analysis 

Higher resolution - Smaller area 

Greater area – Lower resolution 

0

2

4

6

0

2

4

6
-1

0

1

2

3

4

5

mmmm

),( yxTo

1000/ yx 

1 152.0  s
127 . 10515.1  smx

127 . 10030.3  smy



Much more high beta (x100) 

Much more high diffusivities (x1000) 

Much more low diffusivities (/1000) 

Much more high αx/αy (~100, ~1000) 

Much more low αx/αy (i.e. αx/αy = 1.01) 

Many other numerical tests for reliability analysis 

Estimation improvement required 



ESTIMATIONS IMPROVEMENT 

Cumulative integral-SVD method 
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ESTIMATIONS IMPROVEMENT 

Modal-SVD method 
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Infrared 

Camera 

Applying a uniform heat flux on the back 
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problem associated to the 

thermal equations 

+ Robin conditions & adiabatic BC 
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NUMERICAL TEST 

SVD-based method 

127
1 .105152.1  sm

1
1  0061.0  s

127
2 .100505.5  sm

1
2  0202.0  s

Noise amplitude 

± 0.02°C, ± 0.1°C, ± 0.5°C 





Many other tests required 
Microstructure 

(phase fractions, topology, sizes, etc.) 

Thermal properties (values & contrast) 

Initial thermal field 

Testing CI-SVD method 

 

On-going research with 

Modal-SVD approach 



• How to deal with low resolution 

images 

• Temperature dependent 

properties 

• Sensitivity to the interface 

location 

• Retrieving interfaces at the 

under-pixel scale 

• Estimation of thermal 

properties at the interfaces 

• Point dependent thermal 

properties (ex: α(x,y)) 

• Initial thermal field providing 

maximum sensitivity 

(experiment design) 

Other open questions 

E. Palomo del Barrio & Jean-Luc Dauvergne, Chapter 14: Karhunen-Loève decomposition for data, noise, and 

model reduction in inverse problems, pp. 507-539, in Thermal Measurements and Inverse Techniques, 
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